This is the final part of the work started in [2] and [3], (the "longstanding forthcoming preprint" referred to in [1] ).
The paper is organised as follows: in part 2, the construction of a canonical ("topological") link (see §2.1.2 in [2] for the definition of a "link") between representatives of one step and two step direct images in topological K-theory of some same vector bundle on M is constructed. This needs some analysis of the spectral behaviour of fibral Dirac operators in the adiabatic limit. In section 3, the Leray spectral sequence is recalled, and it is explained how a ("sheaf theoretic") link between one step and two step direct image of a flat vector bundle can be obtained from this spectral sequence. The equivalence of the topological and the sheaf theoretic links is then proved.
The functoriality of the direct image for relative K-theory is then a direct consequence of this equivalence result (see section 4).
Finally, the caracterisation of the form τ (performed in §2.7.2 of [3] ) entering in the definition of the direct image for multiplicative K-theory suffices to establish the functoriality for "nonfree" multiplicative K-theory (see section 5).
Topological K-theory:
The goal of this paragraph is to construct a canonical link between couples of bundles obtained from the same one, by one step and two steps direct image from K 
Fibral exterior differential:
The respective vertical tangent vector bundles associated with π 1 , π 2 and π 2 •π 1 will be denoted by T M/B, T B/S and T M/S. Put some vector bundle ξ with connexion ∇ ξ on M . Call E ± M/S (resp. E ± M/B ) the infinite rank vector bundles on S (resp. B) of even/odd degree differential forms along the fibres of π 2 • π 1 (resp. π 1 ) with values in ξ.
Choose any C ∞ supplementary subbundle T H M of T M/B in T M/S. Of course T H M ∼ = π * 1 T B/S. On the fibre of π 2 • π 1 over any point s of S, one obtains for ξ-valued differential forms an isomorphism analogous to formula (37) of [2] :
For any b ∈ B and any tangent vector U ∈ T b B/S, call U H its horizontal lift as a section of T H M over π −1 1 (b). For any s ∈ S, the construction of formula (53) of [2] produces a connection on the restriction of E M/B over π −1 ({s}) which will be denoted ∇. We will denote by d H the exterior differential operator on Ω π (1)) is (the restrictions to fibres of
. It will be allways denoted ι T here, and considered as an element of EndE M/S .
Fibral Dirac operators:
Endow T M/B with some (riemannian) metric g M/B and ξ with some hermitian metric h ξ . Take some riemannian metric g B/S on T B/S. Put on T M/S the riemannian metric for which the decomposition T M/S = T M/B ⊕ T + , η − , ψ) with respect to π 1 (and ξ with ∇ ξ and h ξ and g M/B ). η ± are endowed with some hermitian metrics. Choose some connection ∇ η on η ± (which respects either part) and the associated de Rham operator
. Consider some function χ as in §2.3 of [3] . For θ ∈ (0, 1], one puts
where
ψ is from D ∇ ξ and ψ in the first formula following (38) in [2] . Here ψ is extended to forms on B/S throw the isomorphism (1) . The choice of a riemannian submersion metric on T M ensures the compatibility of the adjunctions of ψ before and after extending it to forms on B/S. This result (3) corresponds to [4] proposition 5.9 with θ = 1 T and with the extra term θ(ι T + ι *
which gives a double decomposition of infinite rank vector bundles on S:
The choice of a riemannian submersion metric induces that this decomposition is orthogonal:
As in §3.3.3 of [2] in the flat case and §2.3 of [3] in the general case, the vector bundle KerD V ψ is endowed with the restriction of the metric on E M/B ⊕ η ± , and with the connection ∇ H obtained by projecting the connection on E M/B ⊕ η onto it (in fact p(∇ ⊕ ∇ η )p, see [4] theorem 5.1 and formula (5.34)). Because of the compatibility of orthogonal projections, the exterior differential operator on Ω B/S, KerD
(to ensure that χ(θ) = 0), one has
Of course p(ι T + ι * T )p is a bounded operator in the L 2 -topology, and this remark with the above equation replaces here equation (5.35) of theorem 5.1 in [4] .
In the same way, for θ ∈ [0,
are uniformly bounded operators in the L 2 -topology. This is because of the choice of the riemannian submersion metric and is a simplification with respect to the corresponding result proposition 5.18 of [4] .
Estimates on the operator
First one wants to obtain results analoguous to [4] 
Of course the first term has the required majoration property [4] (5.67). The operator ψ + ψ * is a fiberwise kernel operator (along the fibres of π 1 ), and its kernel is smooth along the fibered double M × B M . Thus, if v is a smooth vector field on B, the commutator ψ + ψ * , ∇
, is a fiberwise kernel operator with globally smooth kernel. In particular, it is bounded in L 2 -topology, and so is 
where H 1 stands for the usual Sobolev H 1 -norm. Secondly, one needs some equivalent of [4] proposition 5.22, particularly the estimate (5.71) contained in it. But the proof here is in fact easier than in [4] because equation (6) provides a simplification of the corresponding proposition 5.18 in [4] , the extra term θ(ι T + ι * T ) is a uniformly bounded operator, (ψ + ψ * ) too, and
, it does not disable the ellipticity of A θ and it is taken into account in the obtained estimates: there exist constants c, C and θ 0 such that for any θ ≤ θ 0 , λ ∈ C such that |λ| ≤ c 2θ and any
Two-step direct image representative:
Choose now some suitable data (ζ + , ζ − , ϕ) for D ∇H , and extend p and p ⊥ to E M/S ⊕ ζ ± in the following way: p induces the identity on ζ ± and p ⊥ induces the null map on ζ ± . Consider then
with the same remark (as after (5)) that p(ι T + ι * T )p is bounded. Using this, the remark after (6) above and (8) 
The set
4 for some constants c 1 and c 2 . But only the following consequence of (10) 
Remark. Of course the convergence holds for the squared operators D 2.6 Link between one-step and two-step direct image representatives:
The constructions of §3.1 of [2] (both the families analytic index map and the canonical link between different constructions) can be applied to D 
This is obtained on S × {1} from the regular construction of §3. 
of vector bundles on S, one obtains (by adding the identity of µ − and of
which is a representative of π 
Independence on the choices:
Consider two systems of suitable data (ζ • is also filtrated from this filtration: F p H • consists of classes which can be represented by some element in
This filtration is compatible with the flat connections of H
• , so that for any p and k,
is an exact sequence in the category of flat bundles. The corresponding flat connections will be respectively denoted by (5) and (6) of [2] for the complex associated to d r produces for any r ≥ 2 a link between E + r − E − r and E + r+1 − E − r+1 . Decomposing this complex in direct sums of short exact sequences in the classical way proves that this link is a sum of links of the form appearing in relation (iii) of definition 1 in [2] , so that the element [E
In the other hand, it follows from (11) that the element
is independent of p. Proof. We will use the Hodge theoretic version of the Leray spectral sequence (at θ = 0). Such a theory was studied by various authors in various contexts [8] [6] [4] [7] , the version corresponding to the situation here in explained in [7] §2 and §3. It can be summarized as follows: E 0 is nothing but E M/S (see (1)) as global infinite rank vector bundle over S. Then there exists a nested sequence of vector subbundles E r of E 0 = E 0 which are for all r ≥ 2 of finite rank and endowed with canonical flat connections ∇ r . This sequence stabilizes for sufficiently great r. For any r, there is some canonical isomorphism E r ∼ = E r with the corresponding term of the Leray spectral sequence, for r ≥ 2 it makes ∇ r and ∇ r correspond to each other. All the E r are naturally endowed with the restriction of the L 2 hermitian inner product on E M/S (which needs here to be obtained from some riemannian submersion metric). Finally for any r, let d * r be the adjoint of the bundle endomorphism d r corresponding to the operator d r of the spectral sequence, and define
Compatibility of topological and sheaf theoretic links:
, so that E 1 identifies throw fibral Hodge theory with
in the notations of the preceding paragraph. Thus E 1 identifies with vertical differential forms with values in π 1! F , where "vertical" is to understand with respect to the fibration π 2 . Let p 1 be the orthogonal projection of E 0 onto E 1 ; then
For any r ≥ 2, E r can be described as follows ( [7] Proposition 2.1):
, where p r is the orthogonal projection of E M/S onto E r . One can then prove along the same lines as in [4] §VI (a) (especially formulae (6.13) and (6.15)) that
Use now the convergence of the resolvent λ − ( ) is the rescaled harmonic form corresponding to some fixed cohomology class. Its obvious convergence to s 0 at θ = 0 proves that the isomorphism between KerD 1 ad E ∞ provided by the parallel transport along [0, 1] exactly corresponds to the isomorphism
obtained at the end of §3.1 from the exact sequences (11). In the notations of paragraph 2.6, K = KerD θ , so that one can take here ε 1 = 0. The convergence of the resolvent λ − (
2) for any r gives the following description of the vector bundle G over S × [0, ε 1 ]: its restriction to S × {θ} is the direct sum of eigenspaces of D θ corresponding to "little" modulus eigenvalues while its restriction to S × {0} is the direct sum of the E r , each E r corresponding to eigenspaces associated to eigenvalues of order less than or equal to θ r−1 . For any positive θ, (G, d θ ) form a complex whose cohomology is K. Accordingly, the canonical link between G + − G − and K + − K − is provided either by formula (5) (using d θ ) or (7) (using D θ ) of [2] . In the same way, the canonical link berween E 4 Relative K-theory: It is easily verified that ≈ τ 12 is additive in the sense of lemma 8 of [3] , is functorial by pullbacks over fibered products (with double fibration structure!); a direct calculation proves that it verifies the same transgression formula as τ 12 (see formula (12) of [3] ). Moreover, in the case of a flat bundle (ξ, ∇ ξ ), F ± here correspond to G ± in §3.1, G ± here correspond to H ± of §3.1, and H for any (ξ, ∇ ξ , α) ∈ K ch (M ) (where ch(ξ, ∇ ξ , α) = ch(∇ ξ ) − dα vanishes on M K 0 (M )). This formula would be compatible with the preceding theorem and with the anomaly formulas (13) and (14) of [3] .
